I. INTRODUCTION
The laminar-turbulent transition of boundary layers is a fundamental and challenging problem in modern fluid mechanics. The boundary layer transition has a strong influence on aerodynamic drag and heating because much higher friction and heating can be generated on the surface of aerospace vehicles in turbulent flows than in laminar flows. The prediction of the transition has an impact on the shape design and heat protection of the vehicles. Despite considerable efforts in experimental, theoretical, and numerical studies, we have not reached a consensus upon the underlying mechanism for the formation and evolution of flow structures in the transition. 1 In the transition process, there is a general agreement on the existence of coherent structures and their importance in mixing and transport phenomena. Therefore, the detection of the coherent structures is helpful to explain the underlying physics of transitional fluid motions and to improve turbulent flow modeling and control strategies. Qualitative discussions on the coherent structures with different structural characteristics in the turbulent boundary layer are given in the reviews. [2] [3] [4] The quasi-streamwise vortices and associated low-and high-speed streaks are mainly observed in a) Electronic mail: yyg@pku.edu.cn the K-type transition in channel flow, 21 and fully developed channel flows. 22 We note that the flows in the previous Lagrangian studies mentioned are incompressible, and we will extend the Lagrangian method to a compressible flow.
Besides the uncertainties in the usage of different structural diagnostic tools, the accepted geometry of structures with a broad range of length scales in boundary layer is still far from an agreement. Theodorsen 23 first proposed that incompressible turbulent boundary layers are populated by hairpinlike structures attached to the wall and inclined at 45
• . This hypothesis is experimentally supported by Head and Bandyopadhyay. 24 They showed a characteristic inclination angle 40
• − 50
• for candidate hairpins. Using hot-wire measurements, Ong and Wallace 25 achieved similar results, and they found that the sweep angle of vorticity vectors increased with distance from the wall. Using the particleimage velocimetry and statistical tools, Ganapathisubramani et al. 8 revealed that the inclination angle is approximately equal to 45
• . Robinson 26 performed both single and dual hot-wire measurements on the large-scale structures in a supersonic boundary layer at the Mach number 2.97 and concluded that the inclination angle of the large-scale structures ranges from 5
• to 30
• . Pirozzoli et al. 12 found the inclination angle is approximately 20
• in the outer layer in a supersonic boundary layer at the Mach number 2, which is very similar to the findings in incompressible flows. Since the characterization of the geometry of coherent structures depends on the scale of structures, the Mach number, the Reynolds number, and the usage of Eulerian or Lagrangian methods, it still remains as an open question. 22 Considering the evolutionary, multi-scale nature of transitional flows, we need to develop a useful diagnostic tool characterizing evolving structures at different scales and at different states during the transition. In the past few years, the multi-scale decomposition has drawn attention in the turbulence community, and has proven to be useful for understanding the evolution of coherent structures and interactions between these structures at different scales. 22, 27, 28 Particularly, Yang and Pullin 22 developed a geometric diagnostic methodology based on the mirror-extended curvelet transform 29 to characterize the multi-scale and multi-directional statistical geometry in the evolution of Lagrangian fields in fully developed channel flows.
The major objective of the present study is to quantitatively characterize the geometric features of evolving structures in the transition of a weakly compressible, spatially evolving flat-plate boundary layer flow from a Lagrangian perspective. The backward-particle-tracking method developed in incompressible flows is extended to compressible boundary layer flows. A sliding window filter is developed to extract the Lagrangian structures at different locations in the transition. Furthermore, the multi-scale and multi-directional geometric analysis is applied to characterize the evolutionary geometry of Lagrangian structures within the sliding window. This provides quantitative statistics on the orientation of turbulent structures at different scales and locations in the streamwise direction. Flow phenomena in transitional wall flows to be investigated are based on statistical evidence obtained from the geometric analysis, including the detailed geometry of quasi-streamwise vortices and the generation and evolution of near-wall vortical structures. We begin in Sec. II as an overview of numerical implementations for the direct numerical simulation (DNS) of the compressible boundary layer and the tracking of the Lagrangian scalar field. In Sec. III, a diagnostic methodology is introduced, including the characterization of the geometry of Lagrangian structures at multiple scales and the extraction of Lagrangian structures with a sliding window filter. Sec. IV presents the application of the multi-scale and multi-directional diagnostic method to investigate the evolutionary geometry of Lagrangian structures in the transition. Finally, we draw some conclusions in Sec. V.
II. SIMULATION OVERVIEW

A. DNS
The DNS of a spatially evolving flat-plate boundary layer transition in the domain with sizes Fig. 1 ) is performed by solving the three-dimensional compressible Navier-Stokes (N-S) equations,
where
Here, the Einstein summation is used, and the subscript j = 1, 2, 3 denotes the index in the threedimensional Cartesian coordinates. For the coordinate system shown in Fig. 1 , x 1 , x 2 , and x 3 are equivalent to x, y, and z, respectively. The velocity components are denoted by variables u j in the jth coordinate direction, or u, v, and w in the x, y, and z directions, respectively, ρ is the density, p is the static pressure, δ i j is the Kronecker delta function, κ is the thermal conductivity, and T is the temperature. The N-S equations Eq. (1) are nondimensionalized with the free stream quantities ρ ∞ , T ∞ , U ∞ , and µ ∞ . The length and time scales are nondimensionalized by the reference length L = 1 inch and time L/U ∞ , respectively. In the perfect gas assumption, the total energy E is given by
where c v is the specific heat at constant volume. For compressible Newtonian flow, the viscous stress σ i j can be written as
where the dynamic viscosity µ is assumed to obey Sutherland's law. The computational domain is bounded by an inlet boundary and a non-reflecting outflow boundary in the streamwise x-direction, a wall boundary and a non-reflecting upper boundary in the wall-normal y-direction, and two periodic boundaries in the spanwise z-direction. The wall is isothermal, and the physical boundary condition of the velocity on the flat-plate is the no-slip condition. The initial condition is given by a laminar compressible boundary-layer similarity solution. In order to trigger the laminar-to-turbulent transition, a two-dimensional Tollmien-Schlichting (T-S) wave and a couple of conjugate three-dimensional T-S waves are imposed at the inlet. Then the inlet boundary condition can be written as
Here, f L ( y) is the steady flow profile obtained from the self-similar solution 30 of the compressible laminar boundary layer over the flat-plate at x = 30. Moreover, the amplitudes of these disturbances are ε 1 = 0.04 and ε 2 = ε 3 = 0.001, the spanwise wavenumbers are β 1 = 0, β 2 = 4.0, and β 3 = −4.0, the frequency is ω j = 1.56, andf j are the eigenfunctions corresponding to these three T-S waves. These T-S wave parameters are obtained by solving the Orr-Sommerfeld equation using a Chebyshev spectral collocation method. 31 The spanwise wavelength of the three-dimensional T-S waves is λ z = 2π/ β 2 = 1.57, the period of the T-S waves is τ TS = 2π/ω j = 4.0, the real part of the phase velocity is c r = 0.35, and the streamwise wavelength is
The DNS is implemented using the OpenCFD code. 32 The N-S equations Eq. (1) are integrated in time by using the third-order TV Runge-Kutta method. The convection terms ∂F j /∂ x j are approximated by a seventh-order upwind finite-difference scheme, and the viscous terms ∂V j /∂ x j are approximated by an eighth-order central finite-difference scheme.
Grid A (see Table I ) employed in the present simulation was selected through a grid sensitivity analysis. Three grids were considered, and their parameters are listed in Table I . The subscript "∞" denotes the free stream properties, and "w" denotes the quantities on the wall. The free stream Mach number is Ma ∞ ≡ U ∞ /c ∞ = 0.7 where c ∞ is the free stream sound speed. The DNS of the transitional boundary layer at Ma ∞ = 0.7 was validated with experimental results, 33 and the compressibility effects on the evolution of coherent structures is weak at this Mach number. 34 The free stream Reynolds number is Re ∞ ≡ ρ ∞ U ∞ L/µ ∞ , and the wall temperature T w is normalized by the free stream temperature T ∞ = 288.15 K. It is noted the width L z in the spanwise direction is equal to the spanwise wavelength λ z of the T-S waves. The two-point correlations of the velocity components in the spanwise direction were calculated. We found that the tails of the two-point correlations are sufficiently small at the boundary (not shown), which ensures that L z is large enough so that the imposed periodic boundary condition is not affecting the flow statistics. 35 The domain is discretized using grids N x × N y × N z . Uniform grids are distributed in the streamwise and spanwise directions with grid spacings ∆x and ∆z. Exponentially stretched grids with grid points at
where p = log q/(1 − 1/N y ) and q = 53, were applied in the wall-normal direction with grid spacing ∆ y to capture small-scale structures near the wall. The superscript "+" denotes the quantities normalized by wall units, 3 which are defined in terms of the viscous length scale δ ν ≡ µ w /(ρ w u τ ) and the friction velocity u τ ≡  τ w /ρ w with the wall shear stress τ w . The wall-friction Reynolds Grids number Re τ ≡ ρ w u τ δ/µ w ≈ 500 based on the boundary layer thickness δ is calculated at x = 9.9 where the flow has reached the fully developed turbulent state. The boundary layer thickness δ = 0.25 is obtained as the wall distance where the mean velocity isū = 0.99 in the streamwise direction. Here, the overbar denotes the Reynolds average over the spanwise direction.
In the simulation, the initial flow field is given by the laminar steady flow profile f L ( y) in Eq. (5). After three flow-through times t/τ x = 3 with τ x ≡ L x /U ∞ = 10, the flow has reached the statistically stationary state. Then the flow statistics are calculated over the period 3 ≤ t/τ x ≤ 5. Fig. 2 provides a grid sensitivity analysis based on profiles of the skin-friction coefficient and the van Driest transformed mean velocity calculated from a fine grid A, a coarse grid B, and a very fine grid C listed in Table I . We find the results from grids A and C are converged to the theoretical fittings, 36 and the results from grid B have slight deviations compared with the other two grids. Therefore, we use the DNS results of grid A for further analysis.
In Fig. 2 (a), there is a surge of the friction coefficient within the region x ≈ 4.1-8.5 between laminar and turbulent regimes. The evolution of flow structures in the region x ≈ 3-9 will be studied in Sec. IV in detail. Based on the van Driest transformed mean velocity profile in the fully developed turbulent state in Fig. 2(b) , the boundary layer can be divided into four regions 37 in terms of the viscous sublayer ( y + ≤ 5), the buffer layer (5 < y + ≤ 40), the logarithmic layer (40 < y + ≤ 150), and the outer layer ( y + > 150). turbulent state. Fig. 4 shows the iso-surfaces of the second invariant Q of the velocity gradient tensor color-coded by y for visualization, in a subdomain from x = 4 to x = 10. We can see that the Λ-shaped structure within a domain from x = 4 to x = 5 evolves into a large-scale Λ-shaped turbulent spot consisting of small-scale hairpin-like structures within a subdomain from x = 5 to x = 8.5, and then develops into the forest of hairpin-like structures in the turbulent region, which is consistent with the flow statistics in Fig. 3 .
B. Lagrangian scalar field
The three-dimensional Lagrangian scalar field φ(x,t) is a passive tracer field, and iso-surfaces of φ are material surfaces in the temporal evolution. The scalar field is governed by the pure convection equation
in the compressible flow. Substituting the continuity equation
into Eq. (6) yields
which is the same as that in incompressible flows. Therefore, the backward-particle-tracking method 19, 22 developed for solving Eq. (8) in incompressible flows can be applied to solve Eq. (6) in compressible flows.
In the backward-particle-tracking method, the trajectories of fluid particles are calculated by solving the kinematic equation
where X(x 0 ,t 0 |t) is the location at time t of a fluid particle which was located at x 0 at the initial time t 0 , V(x 0 ,t 0 |t) is the Lagrangian velocity of the fluid particle, and u(X(x 0 ,t 0 |t),t) is its local Eulerian velocity.
The initial Lagrangian field is uniquely determined as φ(x 0 ,t 0 ) = y based on the criteria 21 of the best approximation to vortex sheets and geometric invariance of φ in the laminar state. The iso-surfaces of φ(x 0 ,t 0 ) are streamwise-spanwise planes at different distances from the wall at the initial time. Near the inlet, the amplitudes of the initial disturbances in Eq. (5) are very small compared to the mean flow, so that the material sheets almost keep invariant. As the disturbances develop with increasing x, the material surfaces are stretched and folded in the streamwise and wall-normal plane when the amplitude of the two-dimensional T-S wave is much larger than the three-dimensional ones. Subsequently the amplitude of three-dimensional T-S waves gradually becomes notable with growing disturbances. As a result, the material surfaces can be rolled up into complex shapes with three-dimensional geometric characteristics in the evolution. 21 The backward-particle-tracking method 19 is numerically stable and has no numerical dissipation, which can ensure the mass conservation within a closed material surface. In the numerical implementation, this method is used to calculate the Lagrangian scalar field at different given physical times as follows.
(1) The full Eulerian velocity field on the grids N x × N y × N z within a time interval from t 0 to t > t 0 is solved by DNS described in Sec. II A and then stored in disk. The time step is selected by ∆t ≤ δ ν /u τ to capture the finest resolved scales in the velocity field. (2) At a given time t, particles are placed at the uniform grid points of N p x × N p y × N p z in the subdomain of interest for further geometric analysis. In principle, the time interval ∆T ≡ t − t 0 for backward particle-tracking should be selected to ensure that all the particles at the outlet boundary x out of the subdomain can travel backward to the inlet location x = 0, but in the spatially developed wall flows, it can take very long time for the particles very close to the wall traveling back to x 0 owing to the very small streamwise velocity. In the implementation, we set ∆T = (x out − x in )/U ∞ to greatly reduce the computational cost with negligible deviations, where x in is the location for the inlet boundary of the subdomain. The diagram of backward particle-tracking during ∆T is shown in Fig. 5 . We find that the statistical results are not sensitive to the value of ∆T for ∆T ≥ (x out − x in )/U ∞ from numerical experiments. For example, in a subdomain of interest from x in = 3.0 to x out = 9.0, we can obtain φ(x,t) at a particular time t = t * where t * ≡ t 0 + ∆T = 36 at the end of the tracking period with t 0 = 3τ x . (3) The particles are released and their trajectories are calculated backward in time within ∆T or until they arrive at x 0 = 1.0, where the initial disturbances are small enough so that the initial material surfaces are considered as flat sheets. A three-dimensional, fourth-order Lagrangian interpolation scheme is used to obtain fluid velocity at the location of each particle, and an explicit, second-order Adams-Bashforth scheme is applied for the time integration. (4) After the backward tracking, we can obtain initial locations x 0 of the particles and the flow map
Then the Lagrangian field φ(x,t) at any given time t can be obtained as
III. DIAGNOSTIC METHODOLOGIES A. Multi-scale and multi-directional decomposition
Although different characteristic scales and preferred orientations of flow structures via various structural identification methods have been reported, there is lack of quantified consensus on the geometry of the structures. The geometric feature of characteristic scales and preferred orientations in a scalar field can be quantified by the multi-scale and multi-directional methodology 22 based on the curvelet transform. 29 Presently, in order to quantify geometries of flow structures at multiple scales in a three-dimensional field, we apply the multi-scale and multi-directional filter to typical two-dimensional x-y and x-z plane-cuts.
The Fourier transform of an arbitrary two-dimensional scalar field ϕ ∈ R 2 is defined bŷ
Then a filtered ϕ(x) at the scale j and along the direction l can be extracted fromφ(k) in Fourier space by the frequency window function
with r =  k
Here, W (r) is the radial window function and V (t l ) is the angular window function, which are defined by explicit functions. 22 Each frequency window function in Fourier space is supported on a region bounded by two neighbouring circular wedges in the range of wavenumbers 2 j−1 ≤ r ≤ 2 j+1 , which implies that the corresponding spatial structure in physical space is a needle-shaped element or a curvelet 29 with the character length 2 − j/2 and width 2 − j . By applying frequency window function Eq. (13), geometric features of a two-dimensional scalar field can be extracted at a characteristic length scale L j = 2 − j , j ∈ N 0 and an equispaced sequence of rotation angles θ j,l = πl2 −⌈ j/2⌉ /2, 0 l 4 · 2 ⌈ j/2⌉ − 1, where ⌈x⌉ gives the smallest integer greater than or equal to x. The breakdown of the normalized characteristic length scales of structures after filtering is given in Table II . Subsequently, L j ≥ 0.5δ will be referred to as "large scale," L j ≤ 100δ ν as "small scale," and in between as "intermediate scale. " For each scale j, the multi-scale decomposition of the original scalar field ϕ(x) can be obtained by applying the radial window function W (r) as a band-pass filter onφ(k) as
where ϕ j (x) is the filtered component field at scale j. The structures educed for each filtered scale have a correspondence with the different compact energetic bands in Fourier space. Furthermore, the orientation information of ϕ(x) can be represented by the normalized angular spectrum
where ∆θ = πl
is the discrete deviation angle away from the horizontal axis in the physical space, as sketched in Fig. 6(a) for scale j.
The averaged deviation angles away from the horizontal axis, which are sketched in Fig. 6(b) , can be obtained by
and ⟨∆θ⟩
with l
035110-9
Zheng, Yang, and Chen Phys. If a scalar field has non-periodic boundaries, such as ϕ on the x-y plane in a boundary layer flow, the fast Fourier transform (FT) can result in artificial oscillations near boundaries. 38 To avoid the artifacts, we copy and flip the two-dimensional scalar field by the one-dimensional mirror extension in the wall-normal direction as
before the FT. In addition, the treatment for the streamwise direction with the non-periodic boundary condition will be discussed in Subsection III B.
B. Sliding window filter
In general, material surfaces travel downstream with stretching and distortion in a transitional boundary layer. In order to capture an evolving structure with notable deformations in a compact moving frame, we develop a sliding window filter to extract the evolving Lagrangian structure at different locations from the entire Lagrangian field φ in the transition process. The filter with a growing filter width travels along the streamwise direction at a certain speed in the transitional boundary layer, which can be considered as a sliding camera to capture an evolving object moving in a particular direction. Since the major evolution of φ is captured by the filter, the extracted Lagrangian field φ f in the sliding frame becomes statistically time-dependent.
We define the filter as an exponential function as
where x c is the central position of the window and is a function of a scaled reference time τ, l w is the width of the window, and n is a positive even integer. The scaled reference time
is normalized by the period τ TS of the T-S waves imposed at the inlet boundary, where t * = t 0 + ∆T is introduced in Sec. II B when the flow has reached the statistically stationary state as shown in Fig. 4 . Fig. 7 illustrates typical profiles of the proposed filter at different τ. From Eq. (18), the window width l ≡ 2(x − x c ) of the filter at the value f is l l w = 2 exp
The two-dimensional scalar field for further analysis is extracted within a compact region with the cutoff window width l = l c and f = 0.0001 at the boundaries. Moreover, the major features of the extracted scalar field with large scalar gradient ∇φ are captured within the subdomain with the effective window width l = l e and f ≥ 0.9. As shown in Fig. 7 , we choose n = 16 to smooth the transition of f from f = 0 to 1 with l c /l w = 1.93 and l e /l w = 1.46.
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Profiles of the sliding window function at three scaled reference times τ = 0.5, 1.5, 2.5 to extract three φ f from the entire φ at t = t * + 2.
Since the streamwise wavelength of the T-S waves is λ x = 1.4, the subdomain from x = 3 to x = 9 contains 4.3 times of λ x . Considering the effects of turbulent straining, the perturbation waves are stretched when travelling downstream. Moreover, inspired from Fig. 4 , in one realization, the Lagrangian scalar field φ at a physical time instant t can be spatially divided into three regions as illustrated in Fig. 7 . In the implementation, we extract three different filtered scalar fields φ f at three scaled reference times τ, τ + 1, and τ + 2 from φ(x,t) at one physical time t instead of three times t, t + τ TS , and t + 2τ TS in principle to reduce the computational cost, considering the downstream portion at τ + 1 is evolved from the corresponding upstream portion at τ during the time period τ TS . In each realization, we investigate φ f at nine reference times τ = 0, 0.25, 0.5, . . . , 2.0, and they are extracted from the entire φ-data at four physical times t (m) = t * + m, m = 0, 1, 2, 3. Furthermore, the geometric statistics at different reference times are averaged over three realizations at t , t (m) + τ TS , and t (m) + 2τ TS to reduce statistical errors. As the Lagrangian structure moving downstream in the flow evolution, the fluid is convected at different speeds depending on the distance to the wall, which implies that the characteristic scale of the evolving structure can be widened in the streamwise direction. Thus the sliding window is expanded as it moves downstream by increasing l w and x c with the scaled reference time τ. It is noted that x c (τ) and l w (τ) are fitted by quadratic polynomials from the DNS data of the three realizations. These polynomials for the different structures studied in Sec. IV are listed in Table III , and the empirical parameters in the polynomials are chosen to ensure the major deformation of Lagrangian structures can be captured within the compact sliding window with large enough l e .
With given x c (τ) and l w (τ), the extracted Lagrangian scalar field φ f (x, τ) can be obtained as
The extracted Lagrangian field in the sliding window has a smooth transition from an evolving scalar φ(x,t) to the initial scalar φ(x 0 ,t 0 ) at window boundaries. Thus, the boundary condition of the window in the streamwise direction can be considered as periodic for FT.
As an example, the temporal evolution of the material surface extracted by a sliding window filter with the parameters listed in Table III is shown in Fig. 8 0 z 1.57, which is four times that of the velocity field in order to resolve fine-scale Lagrangian structures in the evolution. 19 Fig . 8 illustrates the evolution of a material surface from the region x ≈ 3.3-4.4 in Fig. 8(a) to the region x ≈ 4.4-5.8 downstream in Fig. 8(d) during a period of τ TS . The material surface evolves from the streamwise-spanwise plane at y + = 120. First, the planar surface is folded owing to the two-dimensional disturbance and the mean shear motion at τ = 0.5 in Fig. 8(a) . Subsequently with the growth of the three-dimensional disturbance, it evolves into a large-scale Λ-shaped bulge at τ = 0.75 in Fig. 8(b) . The head of the Λ-shaped bulge is lifted at τ = 1 in Fig. 8(c) , and then it is stretched and distorted into a hairpin-like structure with many small-scale parts at τ = 1.25 in Fig. 8(d) . This evolution is qualitatively similar to the observation on material surfaces in incompressible temporal transitional channel flow, 21 which suggests that the compressibility effect at Ma ∞ = 0.7 appears to be negligible on the structural evolution.
IV. EVOLUTIONARY GEOMETRY OF LAGRANGIAN STRUCTURES
A. Lagrangian structures on the streamwise and wall-normal (x -y ) plane
In a spatially developed boundary layer, we develop a sliding window filter to extract filtered Lagrangian fields φ f (x, τ) at a sequence of non-dimensional reference times τ from the entire Lagrangian field φ(x,t), and the Lagrangian structures for investigations are educed as iso-surfaces of φ f . The x-y plane-cuts are selected at the midpoint of L z to show the evolution of structures with the most significant deformation on the "peak plane." 39 The resolution of φ is 9600 × 720 within the subdomain of interest 3.0 x 9.0 and 0 y 0.6. Typical snapshots of φ f on the x-y plane-cuts at different τ and corresponding spatial regions are shown in Fig. 9 to provide   FIG. 9 . Typical snapshots in the evolution of the Lagrangian field on the x-y plane (0 y 0.6, z = L z /2) in a transitional boundary layer at Ma ∞ = 0.7.
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Zheng, Yang, and Chen Phys. an overview of the structural evolution, which exhibit much finer details of the Lagrangian-based structures than those visualized using hydrogen bubbles in experiments. 16 The temporal evolution of the Lagrangian structures on the x-y plane with increasing reference time is shown in Fig. 10 . Corresponding to the evolution of the material surface in Fig. 8 , it provides another perspective for the scale cascade as the formation of the triangular bulge in Fig. 10(a) , the lift of the head of bulge in Fig. 10(b) , and the generation of the hairpin-like structure in Fig. 10(c) on the central plane-cut. Further downstream, the large-scale hairpin-like structure finally breaks down at the neck region into a packet of small-scale structures in Figs. 10(d) and 10(e).
As shown in Fig. 1 , we define the inclination angle α between an inclined structure and the x-direction on the x-y plane-cut. In terms of the variables in the multi-scale and multi-directional decomposition, we have φ f (x, y, z = z p ) ↔ ϕ, α + ↔ ⟨∆θ⟩ + , and α − ↔ ⟨∆θ⟩ − . The evolution of the filtered component field at each scale can be obtained using the scale decomposition of φ f (x, τ) on the x-y plane by Eq. (14) . For example, the evolution of filtered component fields at the Table II . We find that the filtered component fields at different scales show different preferential orientations. The orientation statistics of φ f (x, τ) on the x-y plane at different scales can be obtained by the normalized angular spectra Φ j (∆θ) defined by Eq. (15), which are shown in Fig. 13 at τ = 1 and τ = 1.75. The magnitudes of angular spectra at scales j ≥ 3 are increased with time, which suggests a structural cascade from large scales to small scales for φ f (x, τ). It is noted that the filtered component fields at very small scales with very small angular spectrum Φ j (∆θ) < 10 −8 are considered to have negligible contribution to the spectrum of φ or to be numerical artifacts due to the weak Gibbs phenomenon from the filtering of window boundaries in Fig. 7 . Moreover, the sizes of the subdomain of interest should be larger than the characteristic length scales L j in Table II , otherwise the filter window size can exceed the subdomain. Additionally, we found that the statistical geometric results from the filtered component fields with the scale indices j ≥ 6 are qualitatively very similar to the time-averaged angle deviations less than 5
• (not shown). Thus, we only investigate the filtered component fields with the smallest scale index j = 3 to ensure the corresponding L j can be captured in the subdomain of interest and the largest scale index j = 6 with Φ j (∆θ) ≥ 10 −8 in the evolution. The averaged inclination angle is defined as ⟨α⟩ = (⟨α
Moreover, an additional averaging on ⟨α⟩ was applied from three realizations to reduce statistical errors, where each realization is within a time interval of 2τ TS . Fig. 14 shows the temporal evolution of ⟨α⟩ for filtered component fields from large to small scales. The averaged inclination angle ⟨α⟩ in Fig. 14 is marked by dashed lines in Figs. 11 and 12 , which depict the increasing of ⟨α⟩ during the evolution for both scales. As shown in Fig. 12(a) , the small-scale structures with small ⟨α⟩ appear at early times, and then the small-scale structures are lifted in Figs. 12(b)-12(e) . In Fig. 14 , ⟨α⟩ grows very slowly before τ = 0.75, and the difference for different scales is smaller than 5
• . According to Table III , it corresponds to the spatial region near x c (0.75) = 4.1. After τ = 0.75, ⟨α⟩ begins to increase significantly with time, which corresponds to the early stage of the rapid growth of the skin friction at the location x = 4.1 in Fig. 2(a) , perhaps indicating the induction of the transition. The increasing trend of ⟨α⟩ for the large-scale structures with the length scale 0.5δ is slower than those of the small-scale structures with the length scale 30δ ν . Moreover, the averaged inclination angles grow from 5
• to 35
• -42
• nearly in the same rate for the small-scale Lagrangian structures. When the flow reaches the late transitional stage around τ = 2, the averaged inclination angle of the small-scale structures with the length scale 30δ ν is approximately 42
• , which is very close to the widely reported inclination angle 45
• in turbulent boundary layers. 8, 23, 24 For comparison, the angle in the boundary layer is much smaller than ⟨α⟩ ≈ 30
• in the fully developed channel flow. 22 This is perhaps owing to the suppression between the vortical structures generated from opposite walls of the channel. In general, the averaged inclination angles of small-scale structures are larger than those of large-scale structures in evolution. at y + = 120 in the compressible transitional boundary layer is shown in Fig. 15 . The resolution of φ is 9600 × 5120 in the subdomain of interest within 3.0 x 9.0 and 0 z 1.57. We can see that the initial large-scale triangle-shaped structure in Fig. 15(a) is gradually stretched into a packet of small-scale, Λ-shaped structures in Fig. 15 (e) with increasing τ. In addition, different geometries of Lagrangian structures on the x-z plane at τ = 2 with increasing wall distances corresponding to different wall regions defined in the fully developed turbulent state are shown in Fig. 16 . These structures in the late stage of transition show much richer geometry than experimental visualizations. 15 As shown in Fig. 1 , the sweep angle β is between the structure and the streamwise direction on the x-z plane. In terms of the variables in the multi-scale and multi-directional decomposition, we have φ f (x, y = y p , z) ↔ ϕ, β + ↔ ⟨∆θ⟩ + , and β − ↔ ⟨∆θ⟩ − . We define the averaged sweep angle ⟨ β⟩ = (⟨ β + ⟩ + ⟨ β − ⟩)/2. Similar to ⟨α⟩, the additional averaging on ⟨ β⟩ was also applied from three realizations. The evolution of the typical filtered component fields at the intermediate scale with j = 4 and the small scale with j = 6 are shown in Figs. 17 and 18 , respectively. The filtered component fields with both scales are folded with the center line and they gradually break down in the evolution.
The temporal evolution of ⟨ β⟩ for filtered component fields at different τ in the logarithmic layer and ⟨ β⟩ for the plane-cuts at different wall distances at τ = 2 are shown in Figs. 19(a) and  19(b) , respectively. The averaged sweep angle ⟨ β⟩ in Fig. 19(a) is sketched by dashed lines in Figs. 17 and 18 , which depict the decrease of ⟨ β⟩ during the evolution for both scales. As shown in Fig. 18(a) , the small-scale structures with large ⟨ β⟩ appear at early times. After τ = 0.75, the small-scale structures are rapidly stretched along the streamwise direction in Figs. 18(c)-18(e) . Based on Table III , we obtain the corresponding location x c (0.75) = 4.1 where the notable growth In Fig. 19(a) , we can find that ⟨ β⟩ ≈ 90 • at early times, which illustrates the Lagrangian field is essentially two-component. Before τ = 0.75, ⟨ β⟩ decreases slowly with time for the structures at all the scales. Similar to the averaged inclination angle in Fig. 14 , ⟨ β⟩ decreases rapidly with increasing time after τ = 0.75. It is noted that the decrease of ⟨ β⟩ for the large-scale structures with the length scale 0.5δ is much smaller than those with the small length scale 30δ ν . The decreasing trend of ⟨ β⟩ gradually slows down after τ ≥ 1.5. At τ = 2, the averaged sweep angle of the small-scale structures is approximately 30
• . In general, the averaged sweep angle of large-scale structures is greater than that of small-scale structures in the entire transition.
In Fig. 19(b) , ⟨ β⟩ at different scales generally increases with the wall distance y + from the viscous sublayer to the logarithm region as revealed in Fig. 16 in the late transitional stage. This result is qualitatively consistent with the experimental results in a turbulent boundary layer 25 and numerical results in a fully developed channel flow. 22 In the viscous sublayer and the buffer layer, ⟨ β⟩ ≈ 20
• in this transitional flow is larger than ⟨ β⟩ ≈ 10 flow. 22 From the visualizations in Fig. 16 , in the viscous sublayer, besides the narrow streaks parallel to the x-direction, there is a large-scale Λ-shaped structure with a small wedge angle composed of small-scale streaks, which is not observed in fully developed wall turbulence. 15, 16, 22 In the logarithmic layer, the predominant Λ-shaped structure is more clear and is composed of small-scale spiral-like structures. The averaged sweep angle ⟨ β⟩ of small-scale structures increases rapidly in the buffer layer and the logarithm law region, which can be relevant to the active turbulent production in these regions. 
C. Brief summary and discussion
The evolutionary geometry of Lagrangian structures supports the emergence of quasi-streamwise vortical structures during the transition based on quantified statistics on the orientation of turbulent structures at different scales and locations in the streamwise direction. Figs. 14 and 19(a) suggest that the vortical structures evolve from initially perturbed vortex sheet only with large-scale structures and very small ⟨α⟩ and ⟨ β⟩ ≈ 90
• in the laminar state into possible Λ-like or hairpin-like structures with intermediate and small scales and moderate ⟨α⟩ and ⟨ β⟩ in transitional and fully developed turbulent states. The detailed geometric characterization could provide a means of testing assumed structures in simplified vortex models and structure-based subgrid models in transitional wall turbulence. 22 In addition, the connection between the Lagrangian field and the Eulerian vorticity field can be established by choosing a physically interesting initial φ. In the present study, the Lagrangian field with φ(x 0 ,t 0 ) = y is a surrogate vortex-surface field, 21, 22 where every iso-surface of the vortexsurface field 20, 38 is a vortex surface consisting of vortex lines, and it is useful to illustrate the near-wall vortex dynamics in transitional boundary layers. 
V. CONCLUSIONS
We apply the backward-particle-tracking method, originally developed in incompressible flows, to track the Lagrangian scalar field in a weakly compressible transitional boundary layer flow at Ma ∞ = 0.7. Based on the Lagrangian field, a sliding window filter is developed to extract the spatially evolving Lagrangian structures and capture their major deformations in a moving compact frame at a sequence of reference times. The multi-scale and multi-directional geometric analysis is then applied to characterize the evolutionary geometry of Lagrangian structures in the transition, including the averaged inclination and sweep angles at scales ranging from one half of the boundary layer thickness to several viscous length scales.
Before the transition indicated by the surging Eulerian skin-friction coefficient, the averaged inclination angle ⟨α⟩ is almost unaltered for intermediate and small scales ranging from 0.5δ to 30δ ν . The differences are smaller than 5
• . As the transition occurs, ⟨α⟩ grows rapidly from 5
• with increasing reference time for small-scale structures with the length scale of 30δ ν . At the mean time, the averaged sweep angle ⟨ β⟩ decreases rapidly from 70
• to 25
• -30
• . It is noted that the increasing or decreasing trend is very similar for Lagrangian structures with length scales of 30δ ν . In the late transitional stage, the averaged inclination angle of small-scale structures with the length scale of 30δ ν is approximately 42
• , and the averaged sweep angle in the logarithm law region is approximately 30
• . In general, ⟨α⟩ or ⟨ β⟩ of large-scale structures is smaller or larger than that of small-scale structures, respectively. Moreover, ⟨ β⟩ at different scales increases with the distance from the wall at the fully developed turbulent state. The detailed geometric statistics support the emergence of quasi-streamwise vortical structures during the transition.
Compared to the geometry of Lagrangian structures in fully developed turbulent channel flows, 22 ⟨α⟩ in this boundary layer flow is 10
• larger owing to the suppression of vortical structures lifted from upper and bottom halves in the channel flow. In the viscous sublayer and buffer layer, there exists a complex structure composed of large-scale Λ-like structure and small-scale streaks in the transitional region and ⟨ β⟩ is 10
• larger than that in the fully developed turbulent channel flow only with narrow streaks.
As the first study of Lagrangian fields and material surfaces in compressible transitional boundary layers, the Mach number Ma ∞ = 0.7 is chosen small to avoid notable compressibility effects. The effects of the Mach number and Reynolds number on the evolutionary geometry of Lagrangian structures in transitional boundary layers are expected to be characterized, and their implications on the turbulent modeling are desired to be investigated in the near future. Unlike the fully developed turbulence, the transition process can be sensitive to the transition mechanism and perhaps initial disturbances, so it is interesting to explore the dependence of geometrical statistics on different transition mechanisms. Moreover, the methodology of the sliding window filter and the multi-scale, multi-directional geometric analysis can be easily applied in other three-dimensional or two-dimensional scalar fields, such as the image obtained from the nanoparticle-based planar laser-scattering technique, 40, 41 Eulerian vortex identification criteria, 13 and the DLE field, 17 from experimental or numerical data set in transitional wall flows.
